Absfract -This paper presents a study nf the different kinds of membership function (MF) definitions, regarding free MFs and families nf MFs, and describes the capabilities of XFW (the formal Specification language defined by Xfuzzy 3) to manage them. This includes not only the possibility of using them in a system design, but also the capability for extending the available functions with new userdefined membership functions and families. An application example has been included in order to discuss on the suitable parametric definition of the functions.
I. INTRODUCTION
Membership functions, as the way of representing fuzzy sets, can he seen as the basis of any fuzzy methodology [I] . The linguistic meaning of fuzzy sets makes the most usual function shapes he: &functions (corresponding to the fuuification of crisp values), n-functions (intervals) and s-functions and z-functions (extreme intervals) [2] , as shown in Fig. 1 . Other kinds of membership functions can he obtained as a modification or aggregation of these basic forms.
From a practical point of view, membership functions are commonly expressed as analytical functions. The most frequently used analytical functions include piecewise linear functions (such as triangles, trapezoids or slopes) and non-linear functions (such as gaussians, hells or sigmoids) [3] . Fig. 2 shows a graphical representation of these functions. The mathematical cxpressions of these functions usually contain several parameters, which have to be valued when defining the membership function. For example, a triangular function (C) (4 can he defined by means of three parameters, representing either the apex and limit points of the triangle ( Fig. 3.a) , or its apex, width and slant ( Fig. 3.h) . Hence, the selection of these parameters is another degree of freedom in the design space of a fuzzy system.
Opposite to what happens to other degrees of freedom, it is important not only to consider the shape of the membership functions, but also the parameters used in their mathematical expressions when confronting the design of a fuzzy system. In general, the selection of the parametric expression of membership functions has not been much valued by the fuzzy system designers. The selection of other features, such as fuzzy operators, defwification methods or the shape of the membership functions have motivated several studies, as these aspects drive to differences in the system behavior. On the other hand, the definition of a membership function in terms of a set of parameters or other does not modify the system behavior, what explains the apparent lack of interest in this field.
When applying soft computing techniques in the different stages of fuzzy system design (such as the automatic identification, tuning or simplification of systems) the selection ofthe parametric expression of the membership functions play an important rule in the computer aided design. These techniques use to automatically modify the values of the parameters, and so, an adequate selection of these parameters may be used to maintain the linguistic interpretability of the final results of these stages. This paper is structured as follows. Section I1 presents the different kinds of parametric membership functions defined and their related linguistic interpretation. how these kinds of definition have been implemented in XFL3, the formal specification language defined by the X f m y 3 development environment. Finally, Section IV shows an application example in which these different membership function definitions have been used to solve a specific problem.
THE DIFFERENT HNDS OF MF DEFINITIONS
The first option when defining a set of membership functions (related with the linguistic labels of a variable) is whether to use a list of parameters to define the whole set of functions or to describe each membership function with its own and independent list of parameters. In the first case we will talk about families of inembershipfincrions while the second case is usually known as free inembershipfunctions (Fig.   4 ).
The definition of membership functions as families has several advantages. Firstly, the number of parameters to use is smaller than that of the free membership functions. This eases the tuning of the fuzzy system and permits the use of some automatic leaming algorithms (such as simulated annealing or genetic algorithms) that are not appropriate with a large numher of parameters. Secondly, the use of common list of parameters makes it ease to guarantee the linguistic meaning of the membership functions. In particular, the membership functions cannot evolve by construction to a state with highly overlapped or disordered functions in an automatic modification process. Finally, a family of membership functions can be defined with a fixed overlapping degree. This is very useful to simplify the inference mechanism (by using grid partitions), which is essential to confront the hardware synthesis of fuzzy systems. The main disadvantage of this kind of definition is that it imposes hard constraints on the functions, which could be an obstacle to a suitable system optimization (specially cgnceming the output variables descriptions). On the other hand, the definition of free membership functions does not impose any restriction when applying automatic modification processes so that the position, form and overlapping degree of the functions can he optimized, which could be very interesting in several knowledge acquisition problems. Another important advantage is that free membership functions get better results when optimizing f w y systems. The main disadvantages are that the linguistic meaning of the functions can be lost in the tuning process and that the final representation can he incompatible with simplified inference schemes.
In general, free membership functions are more appropriate to describe output variables, while families of membership functions are specially indicated to describe input variables. When there is not much information about the structure of an input variable, it can he useful to describe it by free memhership functions and then to perform an automatic tuning process to acquire some knowledge on the form and overlapping degree of these functions. In a second step, this information can be used to describe the input variable in terms of a suitable family of membership functions. An important issue, both for defining families of memhership functions or free membership functions, is the selection of the most suitable parametric description. A suitable parametric description should allow a high degree of freedom capable of maintaining the linguistic meaning of the fuzzy sets as well as the particular constraints desired by the designer. (Fig. 5h) . It is possible to maintain the order of the functions, and also an overlapping degree of 2, using a family of membership functions with 5 parameters (Fig. 5c) . If the linguistic variable to describe is known to have a symmetrical behavior, it is more suitable to describe it with a family of symmetrical membership functions, using only 2 parameters (Fig. 5d) .
The capability of selecting free membership functions as these environments is the capability of extending the memhership functions and families offered and the possibility of using these user-defined functions by automatic tuning processes. The next section presents how the development environment X f w y 3 has supported these desirable characteristics.
THE MF DEFINITION IN XFL3
XFL3 is a formal specification language for the description of complex fuzzy systems [4] . It has been defined as the common specification language of Xfuzzy 3, a development environment for fuzzy systems [SI. Xfuvy 3 integrates several tools covering the different stages in the design flow: descrip tion, identification, tuning, simplification, verification and synthesis. The main features of XFL3 are a high expressiveness, extensiveness and modularity. Modularity refers to the Capability of XFL3 for describing hierarchical systems with different modules: rule bases and crisp blocks. Expressiveness has been obtained by the definition of fuzzy rules in terms of any combination of fuzzy connectives and linguistic hedges. Finally, extensibility is supported by the inclusion of a mechanism to let the designer to create its own fuzzy operators, defuzzification methods, linguistic hedges, crisp blocks, free membership functions and families of membership functions, extending those available in the environment.
The description of a fuzzy system in XFL3 is divided into two parts: the logical description (included in fiies with extension "xfl"), and the functional description, that is, the mathematical description of the functions used in the system (included in files called funcrion packages). The logical description is composed of three kinds of objects (linguistic types, operator sets, and rule bases) and the definition of the hierarchical structure of the system. The definition of the membership functions assigned to a linguistic variable is included into a 'ype object. This definition includes the name of the type, the description of the univcrse of discourse (min and max refer to the limits of the universe; curd is the cardinality), the list of linguistic labels (ng-id), and their related membership functions. A membership function can he a free membership function (selected from a function package) or a member of a family of membership functions. In the last case, the family has to he previously selected from a function package. Figure 6 shows an example wirh two type definitions, one of them based on free functions and the other using a family of functions.
Function packages include the mathematical definition of those functions used in the logical description of fuzzy systems. These packages are defined in files with extension "pkg" and can he freely created, as a mechanism to extend the available functions for the system development. A package contains a set of function definitions, including binary functions (related with fuzzy connectives), unary functions (related with linguistic hedges), defuvification methods, crisp functions, free membership functions and families of membership functions. These definitions are based on code blocks describing the function parameters, the mathematical description of the function in several programming languages, and some other features of the functions. Figure 7 and Figure 8 show an example of the definition of a free membership function and the definition of a family of membership functions, respectively. These examples illus-
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guages. These blocks are divided into five subblocks: equal, greatereq, smnllereq, center and basis. The subblock equal returns the membership degree of the function for a value x in the universe of discourse. The subblocks greatereq and smallereq compute the membership degree of the 'greater or equal' and 'smaller or equal' linguistic modification of the function. The center subblock defines the center value of the function while the basis subblock defines its basis. In these five subblocks, the variable i is used to identify the index of the function in a family definition. In addition, it is important to define the derivatives of the function if it is going to be adjusted by automatic tuning processes using gradient-based algorithms. This definition is included into the derivative block. The aim of this block is to compute the derivative of the membership function with respect to the different parameters and to save these values into the derivl] variable.
Automatic modifications of the parameter values may lead to an inconsistent description of the function. To avoid this problem, the code in the update block must compute a valid set of parameter values (variable posl]) from the tainting displacement generated in the tuning process (variable displ]), taking into account which of the parameters are intended to be modified (boolean variable adjll). A very common constraint in the parameters displacement is to maintain their order. In this sense, the sortedUpdate0 function has been preprogrammed to guarantee this constraint.
The content of the different code blocks is used in XfuzzyJ 1 Fig. 7 into the fuzzy system. The capability of extending the available functions in a fuzzy system design endows Xfuuy 3 with a very high flexibility. The tools integrated into Xfuzzy 3 have been programmed to support these user-defined functions.
IV. APPLICATION EXAMPLE
Let us consider as an example the approximation of the mathematical function shown in Figure 9 by a fuzzy system. This is a two input variable function commonly used as a benchmark in fuzzy approximation problems [6] . The target function has been represented by a pattern set with 441 data.
As no previous knowledge has been considered, we have initially defined the input variables by 7 homogeneously distributed bell-shaped and free membership functions. The complete knowledge base is formed by 49 rules and the output variable is described by 49 bell-shaped and free membership functions, each one being assigned to each rule. This system generates a flat surface because all the output membership functions are equal.
In order to approximate the target behavior, we have used the tuning tool integrated into Xfuvy 3 to apply a supervised learning algorithm [7] . We have configured the learning process to tune all the MF parameters (126). Figure 10 shows how the tuning process has modified the input and output membership functions. The system behavior after this process approximates the target function with a RMSE of 0.46%. The representation of the variables obtained in the previous process can he used to get some information on the system. Both input variables have a symmetrical description and their ter a new tuning process. As in the previous case. the output membership functions trend to bunch up around certain values, so their number has been reduced form 49 to 9 by applying a clustering process. The RMSE of the new system is 0.89%. The use of families of membership functions bas increased the system deviation a little, but now the order and symmetry of the membership functions have been fixed by construction. It is also worth considering that the active rules are limited now to 9 instead of 49. This fact can be exploited to increase the inference speed and to reduce the complexity of fuzzy systems implemented in specific hardware or embedded software (by applying active-rule-based inference mechanisms).
v. CONCLUSIONS
When including automatic tuning techniques into the design flow of fuzzy systems, the parametric description of membership functions becomes very important. A suitable parametric description allows maintaining some important features of the functions like order, symmetry or overlapping degree. The last version of XFL3 (the formal language of Xfuuy 3) supports both free membership functions and families of membership functions, which can be freely extended by the designer. Xfuuy 3 is platform independent (programmed in Java) and it is distributed under the GNU General Public license. More detailed information on XFL3 and X f w y 3 can be found at the official Xfuzzy site:
http://www.imse.cnm.es/Xfuzzy/ 
